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Example of periodic Neumann waveguide with gap
in spectrum
Giuseppe Cardone, Andrii Khrabustovskyi∗
Abstract. In this note we investigate spectral properties of a periodic waveguide Ωε (ε is
a small parameter) obtained from a straight strip by attaching an array of ε-periodically
distributed identical protuberances having “room-and-passage” geometry. In the current
work we consider the operator Aε = −ρε∆Ωε , where ∆Ωε is the Neumann Laplacian in
Ωε, the weight ρε is equal to 1 everywhere except the union of the “rooms”. We will
prove that the spectrum of Aε has at least one gap as ε is small enough provided certain
conditions on the weight ρε and the sizes of attached protuberances hold.
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1. Introduction
It is a well-known fact (see, e.g., [13]) that the spectrum of periodic elliptic self-
adjoint differential operators has band structure, i.e. it is a locally finite union of
compact intervals called bands. In general the bands may overlap, otherwise we
have a gap in the spectrum - a bounded open interval having an empty intersection
with the spectrum, but with ends belonging to it.
The presence of gaps in the spectrum is not guaranteed. For instance, the
spectrum of the Laplace operator in L2(Rn) has no gaps: σ(−∆Rn) = [0,∞).
Therefore an interesting question arises here: to construct examples of periodic
operators with non-void spectral gaps. This question is motivated by various ap-
plications, since the presence of gaps is important for the description of wave
processes which are governed by differential operators under consideration: if the
wave frequency belongs to a gap then the corresponding wave cannot propagate
in the medium. This feature is a main requirement for so-called photonic crystals,
which are materials with periodic dielectric structure extensively investigating in
recent years.
The problem of existence of spectral gaps for various periodic operators has
been actively studied since mid 90th. We refer to the overview [11], where one can
find a lot of examples and references around this topic.
∗G.C. is a member of GNAMPA (INdAM). A.K. is supported by the Deutsche Forschungsge-
meinschaft (DFG) through CRC 1173.
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Figure 1. The waveguide Ωε
In the last years there appeared many works, where the problem of opening of
spectral gaps for operators posed in unbounded domains with a waveguide geome-
try (strips, tubes, graph-like domains, etc.) is studied, see, e.g., [1,2,4,5,8,14–17].
The studies of physical processes (e.g., quantum particle motion) in such domains
are of a great physical and mathematical interest because of the big progress in
microelectronics during the last decade. We refer to the recent monograph [7]
concerning spectral properties of quantum waveguides.
The simplest way to open up a gap is either to perturb a straight cylinder by a
periodic nucleation of small voids (or making other “small” perturbation) [1,15] or
to consider a waveguide consisting of an array of identical compact domains con-
nected by narrow “bridges” [14,16]. In the first case one has small gaps separating
large bands, in the second case one gets large gaps and small bands.
In the current paper we present another example of Neumann waveguide with
a gap in the spectrum; the geometry of this waveguide essentially differs from
previously studied examples. We are motivated by our recent work [3], where the
spectrum of some Neumann problem was studied in a bounded domain perturbed
by a lot of identical protuberances each of them consisting of two subsets - “room”
and “passage” (in the simplest case, “room” is a small square and “passage” is a
narrow rectangle connecting the “room” with the main domain). Peculiar spectral
properties of so perturbed domains were observed for the first time by R. Courant
and D. Hilbert [6]. Domains with ”room-and-passage”-like geometry are widely
used in order to construct examples illustrating various phenomena in Sobolev
spaces theory and in spectral theory (see, for example, [9, 10]).
Our goal is to show that perturbing a straight strip by a periodic array of “room-
and-passage” protuberances one may open a spectral gap. Namely, we consider a
strip of a width L > 0 and perturb it by a family of small identical protuberances,
ε-periodically distributed along the strip axis. Here ε > 0 is a small parameter.
Each protuberance has “room-and-passage” geometry. We denote the obtained
domain by Ωε (see Figure 1). In Ωε we consider the operator Aε = −ρε∆Ωε , where
∆Ωε is the Neumann Laplacian in L
2(Ωε). The weight ρε is equal to 1 everywhere
except the union of the “rooms”, where it is equal to the constant %ε > 0.
The main result: we will prove that under suitable assumptions on L, %ε and
sizes of “rooms” and “passages” the spectrum of Aε converges to the spectrum of
a certain spectral problem on the initial strip containing the spectral parameter in
boundary conditions. Its spectrum has the form [0,∞) \ (α, β), where (α, β) is a
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non-empty bounded interval. This, in particular, implies at least one gap in the
spectrum of Aε for small enough ε.
2. Setting of the problem and main result
In what follows by x and x = (x1, x2) we denote the Cartesian coordinates in R
and R2, correspondingly.
By ε we denote a small parameter. To simplify the proof of the main theorem
we suppose that it takes values from the discrete set E = {ε : ε−1 ∈ N}. The
general case needs slight modifications.
We consider the unbounded strip Ω ⊂ R2 of the width L > 0:
Ω =
{
x ∈ R2 : −L < x2 < 0
}
.
By Γ we denote its upper boundary: Γ =
{
x ∈ R2 : x2 = 0
}
.
Let bε, dε, hε be positive constants, B be an open bounded domain in R2 having
Lipschitz boundary and satisfying
B ⊂ {x ∈ R2 : x1 ∈ (−1/2, 1/2) , x2 > 0} , (1)
∃R ∈ (0, 1) : {x ∈ R2 : x1 ∈ (−R/2, R/2) , x2 = 0} ⊂ ∂B, (2)
R−1dε ≤ bε ≤ ε, (3)
hε → 0 as ε→ 0. (4)
For i ∈ Z we set:
Bεi =
{
x ∈ R2 : 1
bε
(
x− x˜i,ε
)
∈ B, where x˜i,ε = (iε+ ε/2, hε)
}
(“room”),
T εi =
{
x ∈ R2 : |x1 − iε− ε/2| < d
ε
2
, 0 ≤ x2 ≤ hε
}
(“passage”).
Conditions (1)-(3) imply that the ”rooms” are pairwise disjoint and guarantee
correct gluing of the i-th ”room” and the i-th ”passage” (the upper face of T εi is
contained in ∂Bεi ). Moreover, the distance between the neighbouring ”passages”
is not too small, namely for i 6= j one has dist(T εi , T εj ) ≥ ε− dε ≥ ε (1−R).
Attaching the ”rooms” and ”passages” to Ω we obtain the perturbed domain
Ωε = Ω ∪
(⋃
i∈Z
(T εi ∪Bεi )
)
.
Let us define accurately the operator Aε. We denote by Hε the Hilbert space
of functions from L2(Ωε) endowed with a scalar product
(u, v)Hε =
∫
Ωε
u(x)v(x)(ρε(x))−1 dx, (5)
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where the function ρε(x) is defined as follows:
ρε(x) =

1, x ∈ Ω ∪
(⋃
i∈Z
T εi
)
,
%ε, x ∈ ⋃
i∈Z
Bεi ,
%ε > 0 is a constant.
By aε we denote the sesquilinear form in Hε defined by
aε[u, v] =
∫
Ωε
∇u · ∇vdx, dom(aε) = H1(Ωε). (6)
The form aε is densely defined, closed, positive and symmetric. We denote by Aε
the operator associated with this form, i.e.
(Aεu, v)Hε = aε[u, v], ∀u ∈ dom(Aε), ∀v ∈ dom(aε).
In other words, the operator Aε is defined by the operation −ρε∆ in Ωε and the
Neumann boundary conditions on ∂Ωε.
The goal of this work is to describe the behaviour of the spectrum σ(Aε) as
ε→ 0 under the assumption that the following limits exist and are positive:
α := lim
ε→0
dε%ε
hε(bε)2|B| , r := limε→0
(bε)2|B|
ε%ε
, α > 0, r > 0. (7)
Also it is supposed that dε tends to zero not very fast, namely lim
ε→0
ε ln dε = 0. The
meaning of this condition and the meaning of α and r are explained in [3].
Now, we introduce the limit operator. By H we denote the Hilbert space of
functions from L2(Ω)⊕ L2(Γ) endowed with the scalar product
(U, V )H =
∫
Ω
u1(x)v1(x)dx+
∫
Γ
u2(x)v2(x)rdx, U = (u1, u2) , V = (v1, v2). (8)
We introduce the sesquilinear form a in H by
a[U, V ] =
∫
Ω
∇u1 · ∇v1 dx+
∫
Γ
αr (u1|Γ − u2) (v1|Γ − v2)dx (9)
with dom(a) = H1(Ω) ⊕ L2(Γ). Here by u|Γ we denote the trace of u on Γ. We
denote by A the self-adjoint operator associated with this form.
Formally, the eigenvalue equation AU = λU can be written as follows:
−∆u1 = λu1 in Ω,
∂u1
∂n
= αr(u2 − u1) on Γ,
α(u2 − u1) = λu2 on Γ,
∂u1
∂n
= 0 on ∂Ω \ Γ.
Here n is the outward-pointing unit normal.
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Remark 2.1. Spectral properties of so defined operators A were investigated
in [3,12]. In [3] one considered the case of a bounded domain Ω, Γ is a flat subset
of ∂Ω. In this case the discrete spectrum of A consists of two sequences; one
sequence accumulates at ∞, while the other one converges to α, which is the only
point of the essential spectrum.
In [12] one considered1, in particular, the case, when Ω is a straight unbounded
strip, the line Γ is parallel to its axis and divides Ω on two unbounded strips.
In this case the spectrum of A turns out to be a union of the interval [0, α] and
the ray [β,∞), where β > α provided α <
(
pi
L−LΓ
)2
. Here L is strip width and
LΓ ∈ (0, L) is a distance from Γ to ∂Ω.
Using the same arguments as in [12] we arrive at the following formula for the
spectrum of our operator A:
σ(A) =
{
[0, α] ∪ [β,∞) if α < ( pi2L)2 ,
[0,∞) otherwise, (10)
where the number β is defined as follows. We denote by β(µ) (here µ ∈ R) the
smallest eigenvalue of the problem
−u′′ = λu in (−L, 0) , u(−L) = 0, u′(0) = µu(0).
It is straightforward to show that the function µ 7→ β(µ) is continuous, monotoni-
cally decreasing and moreover β(µ) →
µ→−∞
(
pi
2L
)2
and β(µ) →
µ→+∞ −∞. Whence, in
particular, one can conclude that there exists one and only one point β satisfying
∃µ < −αr : β = β(µ) = αµ
αr + µ
,
provided α <
(
pi
2L
)2
.
Now, we are in position to formulate the main results.
Theorem 2.2. One has:
(i) Let the family {λε ∈ σ(Aε)}ε∈E have a convergent subsequence, i.e. λε → λ
as ε = ε′ → 0. Then λ ∈ σ(A).
(ii) Let λ ∈ σ(A). Then there exists a family {λε ∈ σ(Aε)}ε∈E such that limε→0λ
ε = λ.
From (10) and Theorem 2.2 we immediately obtain the following
Corollary 2.3. Let α <
(
pi
2L
)2
. Let δ > 0 be an arbitrary number satisfying
2δ < β − α. Then there exists εδ > 0 such that
σ(Aε) ∩ (α+ δ, β − δ) = ∅, σ(Aε) ∩ (α− δ, β + δ) 6= ∅ provided ε < εδ.
1In fact, in [12] the Dirichlet conditions on ∂Ω are prescribed, but similar results can be easily
obtained for the Neumann conditions too – cf. [12, Remark 3.2].
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3. Proof of Theorem 2.2
We present only the sketch of the proof since the main ideas are similar to the case
of bounded domains Ω presented in [3].
Let {λε ∈ σ(Aε)}ε∈E and λε → λ as ε = ε′ → 0. One has to show that
λ ∈ σ(A). In what follows we will use the index ε keeping in mind ε′.
We denote
Ω˜ = (0, 1)× (−L, 0), Ω˜ε = Ωε ∩ ((0, 1)× R) , Γ˜ = (0, 1)× {0}.
Recall that ε−1 ∈ N, whence Ωε + e1 = Ωε, where e1 = (1, 0), and thus Aε is a
periodic operator with respect to the period cell Ω˜ε.
Using Floquet-Bloch theory (see, e.g, [13]) one can represent the spectrum of
Aε as a union of spectra of certain operators on Ω˜ε. We denote by H˜ε the space
of functions from L2(Ω˜ε) and the scalar product defined by (5) with Ω˜ε instead of
Ωε. Let us fix ϕ ∈ [0, 2pi). In H˜ε we consider the sesquilinear form a˜ϕ,ε defined by
(6) with Ω˜ε instead of Ωε and the definitional domain
dom(a˜ϕ,ε) =
{
u ∈ H1(Ω˜ε) : u(1, ·)=eiϕu(0, ·)
}
.
By A˜ϕ,ε we denote the operator associated with this form. The spectrum of A˜ϕ,ε
is purely discrete. We denote by {λ˜ϕ,εk }∞k=1 the sequence of eigenvalues of A˜ϕ,ε
arranged in ascending order and with account of their multiplicity. Then one has
σ(A˜ε) =
∞⋃
k=1
Iεk, where I
ε
k =
⋃
ϕ∈[0,2pi)
{
λ˜ϕ,εk
}
are compact intervals. (11)
We also introduce the operator A˜ϕ as the operator acting in
H˜ =
{
U ∈ L2(Ω˜)⊕ L2(Γ˜), the scalar product is defined by (8) with Ω˜, Γ˜ instead of Ω,Γ
}
and generated by the sesquilinear form a˜ϕ which is defined by (9) (with Ω˜, Γ˜ instead
of Ω,Γ) and definitional domain dom(a˜ϕ) = dom(a˜ϕ,ε)⊕ L2(Γ˜).
Lemma 3.1. The spectrum of A˜ϕ has the form
σ(A˜ϕ) = {α} ∪ {λ˜ϕ,−k , k = 1, 2, 3...} ∪ {λ˜ϕ,+k , k = 1, 2, 3...}.
The points λ˜ϕ,±k , k = 1, 2, 3... belong to the discrete spectrum, α is a point of the
essential spectrum and they are distributed as follows:
0 ≤ λ˜ϕ,−1 ≤ λ˜ϕ,−2 ≤ ... ≤ λ˜ϕ,−k ≤ . . . →
k→∞
α < λ˜ϕ,+1 ≤ λ˜ϕ,+2 ≤ ... ≤ λ˜ϕ,+k ≤ . . . →
k→∞
∞.
Moreover if α <
(
pi
2L
)2
then β < λ˜ϕ,+1 .
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This lemma was proved in [3] for the case of Neumann boundary conditions on
the lateral parts of ∂Ω˜ε. For the case of ϕ-periodic conditions the proof is similar.
Now, in view of (11) there exists ϕε ∈ [0, 2pi) such that λε ∈ σ(A˜ϕε,ε). We
extract a convergent subsequence (for convenience still indexed by ε):
ϕε → ϕ ∈ [0, 2pi] as ε→ 0. (12)
Let uε be an eigenfunction of A˜ϕε,ε corresponding to λε with ‖uε‖H˜ε = 1.
We introduce the operator Πε : L2(
N(ε)⋃
i=1
Bεi )→ L2(Γ) defined as follows:
Πεu(x) =
N(ε)∑
i=1
(
|Bεi |−1
∫
Bεi
u(x)dx
)
χεi (x),
where χεi is the characteristic function of the interval [iε− ε, iε]. Using the Cauchy
inequality and (7) one can easily obtain the estimate
‖Πεu‖2L2(Γ) ≤
N(ε)∑
i=1
%εε|Bεi |−1
∫
Bεi
|u(x)|2(%ε)−1 dx ≤ C‖u‖2H˜ε . (13)
From (13) and ‖∇εuε‖2L2(Ωε) = λε ≤ C, we conclude that {uε}ε∈E and {Πεuε}ε∈E
are bounded in H1(Ω˜) and L2(Γ˜), correspondingly. Then there is a subsequence
(still indexed by ε) and u1 ∈ H1(Ω˜), u2 ∈ L2(Γ˜) such that
uε ⇀ u1 in H
1(Ω˜), Πεuε ⇀ u2 in L
2(Γ˜).
Also in view of the trace theorem and (12) uε|∂Ω˜ → u1 in L2(∂Ω˜), whence
u1(1, ·)=eiϕu1(0, ·), i.e. U = (u1, u2) ∈ dom(a˜ϕ).
If u1 = 0 then λ = α, the proof is completely similar to the proof of this fact
in [3, Theorem 2.1]. Then in view of (10) λ ∈ σ(A).
Now, let u1 6= 0. For an arbitrary w ∈ dom(a˜ϕε,ε) we have∫
Ω˜ε
∇uε(x) · ∇w(x)dx = λε
∫
Ω˜ε
(ρε(x))−1uε(x)w(x)dx. (14)
Let w1 ∈ C∞(Ω˜), w2 ∈ C∞(Γ˜), moreover w1(1, ·)=eiϕw1(0, ·). We set
wε1(x) = w1(x)
(
(ei(ϕ
ε−ϕ) − 1)x1 + 1
)
, x = (x1, x2).
It is easy to see that wε1(x) satisfies w1(1, ·)=eiϕ
ε
w1(0, ·) and
wε1 → w1 in C1(Ω˜) as ε→ 0. (15)
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Using these functions we construct the test-function w(x) by the formula
w(x) =

wε1(x) +
∑
i∈Iε
(wε1(x
i,ε)− wε1(x))ϕ
(
ε−1|x− xi,ε|) , x ∈ Ω˜,
(hε)−1
(
w2(x
i,ε)− wε1(xi,ε)
)
x2 + w
ε
1(x
i,ε), x = (x1, x2) ∈ T εi ,
w2(x
i,ε), x ∈ Bεi .
Here xi,ε := (iε, 0), ϕ ∈ C∞(R) satisfies ϕ(t) = 1 as t ≤ R2 and ϕ(t) = 0 as t ≥ 12 ,
the constant R ∈ (0, 1) comes from (2)-(3). It is clear that wε ∈ dom(aϕε,ε).
We plug w(x) into (14) and pass to ε → 0. Using the same arguments as in
the proof of Theorem 2.1 from [3] (but with account of (15)) we obtain:∫
Ω
∇u1 · ∇w1 dx+
∫
Γ
αr (u1|Γ − u2) (w1|Γ − w2)dx = λ
∫
Ω˜
u1w1 dx+ λr
∫
Γ˜
u2w2 dx.
By the density arguments this equality holds for an arbitrary (w1, w2) ∈ dom(a˜ϕ)
which implies A˜ϕU = λU, U = (u1, u2). Since u1 6= 0 then λ ∈ σ(A˜ϕ). But in
view of (10) and Lemma 3.1 for each ϕ one has σ(A˜ϕ) ⊂ σ(A), therefore λ ∈ σ(A).
The property (i) is proved.
The proof of the property (ii) repeats word-by-word the proof for bounded
domains Ω presented in [3].
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